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In this paper, we investigate the stability of the flat FLRW metric in f(T ) gravity. This is
achieved by analysing the small perturbations, δ about the Hubble parameter and the matter energy
density, δm. We find that δ ∝ H˙/H and δm ∝ H. Since the Hubble parameter depends on the
function f(T ), two models were considered (A) the power-law model f(T ) = α(−T )n, and (B) the
exponential model f(T ) = αT0
(
1− exp
[
−p
√
T
T0
])
, where the parameters n and p were chosen
to give comparable physical results. For the parameters considered, it was found that the solutions
are stable with vanishing δ and decaying then constant δm, meaning that the matter perturbations
persist during late times.
PACS numbers:
I. INTRODUCTION
Amendments to Einstein’s general theory of
relativity (GR) have been under way almost from
the inception of the model of gravity. With the
discovery of the accelerating universe, the impor-
tance of dark energy and the cosmological con-
stant as means to describe this phenomenon be-
came one of the biggest unsolved problems in cos-
mology [1–5]. Furthermore, the introduction of
the unknown mass density known as dark matter
as a way to correct the rotation curves of galax-
ies is also a major problem. Alternative proposals
without invoking unknown matter fields has been
the context of modified and alternative theories
of gravity. One example of this is the instance of
f(R) gravity where the Ricci scalar, R, in the ac-
tion Lagrangian is replaced by an arbitrary func-
tion of R (a detailed review on f(R) gravity is
given in Ref. [6] and references therein).
GR describes gravity through the concept of
spacetime curvature which is how gravity ex-
hibits itself. Besides the curvature notion of
gravity, there has been a lot of work involved in
another formulation of gravity called teleparallel
gravity [7, 8]. In this reformulated theory of grav-
ity, curvature no longer describes gravity and is
replaced by torsional quantities. This teleparallel
formulation makes use of a different theoretical
foundation, with the Ricci scalar being replaced
by a torsion scalar T (not to be confused with
the trace of the stress-energy tensor, T ), but the
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theory turns out to be equivalent to that of GR
[called Teleparallel Equivalent of General Rela-
tivity (TEGR)], up to a boundary term difference
[9–11].
Although the theory is still general covariant,
the model has some noticeable differences from
that of GR. One such differences arises from the
independent degrees of freedom; although the
metric tensor has 10 independent degrees of free-
dom as in GR, the vierbeins, which construct the
latter, have 16 independent degrees of freedom.
These 6 extra degrees of freedom were found to
be related to the inertial effects of the system.
This in turn seemingly resulted in having the the-
ory no longer local Lorentz invariant but it was
then realised that the field equations were local
Lorentz invariant [12].
This alternative formulation of GR resulted in
a modified theory, called f(T ) gravity, where the
torsion scalar in the action is generalised to a
general function of it. In this way, this theory be-
comes analogous to that of f(R) gravity, with the
advantage that the theory was no longer fourth
order but second order. However, the theory
seemed to suffer from lack of local Lorentz in-
variance even in the field equations (see [13] and
references therein). This resulted into a large in-
vestigation and a notion of choosing the right ob-
server when studying the theory (the idea of what
are called good tetrads and bad tetrads, see Ref.
[14]).
Recently however, it was discovered that f(T )
gravity can in fact be a general covariant the-
ory (i.e. satisfied local Lorentz invariance). As
Krsˇsˇa´k and Saridakis argue in Ref. [15], the prob-
lem in the original formulation where it was as-
sumed that the spin connection (which contains
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2information about inertial effects) to be vanish-
ing in all frames. However, some tetrads (‘bad’
tetrads) did not have a vanishing spin connection
resulting in the wrong set of field equations. In
the work, the authors devise a method to be able
to determine such spin connection and make the
theory covariant. The good tetrads then become
special cases of the theory, where such tetrads
would give a vanishing spin connection.
Motivated by this, the theory of teleparallelism
could in turn be a viable alternative theory of
gravity. The study of this theory in cosmol-
ogy has been studied in some recent works (see
Ref. [13] and references therein). In this paper,
we investigate one aspect of the theory, that of
its stability in an expanding homogeneous and
isotropic universe. The study of stability helps
to constrain the possible allowed function of the
theory (for example in f(R,G) Ref. [16] and
f(R, T ) theory [17] respectively). Stability has
also been studied in teleparallelism, within the
topics of reconstruction, thermodynamics and
stability [f(T ) gravity in Ref. [18] and f(T, T )
gravity in Ref. [19]]. Furthermore, stability in
scalar perturbations and coupled scalar fields can
be found in Refs. [20, 21].
In this paper, we are interested in the stabil-
ity of the background evolution of the universe
in a homogeneous and isotropic universe in f(T )
gravity. In particular, we derive the analytical so-
lution for the evolution of the perturbation vari-
ables for general f(T ) functions, in contrast to
what is found in Ref. [18] where the evolution
function obtained are for the reconstruction mod-
els considered. Furthermore, various other mod-
els are able to mimic ΛCDM evolution (can be
found in Ref. [22]) but their stability analysis
has not been carried out. As such, we investigate
two such f(T ) models to study their stability.
The paper is divided as follows, a brief overview
of f(T ) gravity is given in Sec. II, followed by
the derivation of the perturbed Hubble parame-
ter and energy density in Sec. III. Afterwards,
the power-law and de-Sitter scale factor evolu-
tions are analysed in Sec. IV. In Sec. V, the
two models considered in this paper are analysed
followed finally by a conclusion in Sec. VI.
II. AN OVERVIEW OF f(T ) GRAVITY
A. Connections, action and field equations
The theory of teleparallelism requires a new
starting point from that of GR. Curvature in GR
is obtained through the use of the Levi-Civita
connection (which is torsion-free), and hence a
new connection is needed for teleparallel grav-
ity, one which is curvature-free. This is the
Weitzenbo¨ck connection Γ̂αµν , which is defined as
Γ̂ρνµ ≡ e ρa ∂µeaν + e ρa ωabµebν , (1)
where eaρ and ea
µ are referred to as vierbeins
(or tetrads) along with their respective inverses,
and ωabµ is called the purely inertial spin connec-
tion which is related to the inertial effects of the
system under consideration [8, 23]. The two in-
dices refer to two coordinate systems; the Latin
indices transform like an inertial spacetime co-
ordinate, while the Greek indices transform like
global coordinates. In this way, these vierbeins
can be used to relate to the metric tensor gµν de-
pending on the local position x on the spacetime
manifold through
gµν (x) ≡ eaµ (x) ebν (x) ηab, (2)
where ηab is the Minkowski metric tensor
diag(1,−1,−1,−1). Thus, the vierbein links the
local Minkowski metric to the global metric ten-
sor. From this point onward, the explicit expres-
sion of a local position x will be suppressed for
brevity’s sake.
The Riemann tensor (which quantifies curva-
ture) is replaced with the torsion tensor (which
quantifies torsion) and is defined to by
T aµν ≡ ∂µeaν − ∂νeaµ + ωabµebν − ωabνebµ. (3)
Using the torsion tensor, the superpotential ten-
sor is defined by
S µνa ≡
1
2
(
Kµνa + e
µ
a T
αν
α − e νa Tαµα
)
, (4)
where Kµνa is the contorsion tensor defined as
Kµνa ≡
1
2
(
T µνa + T
νµ
a − Tµνa
)
. (5)
Using Eq. (3) and (4) leads to the torsion scalar
through
T ≡ S µνa T aµν , (6)
which defines the action for teleparallel gravity
to be
S =
1
16piG
∫
d4x e T +
∫
d4x e Lm, (7)
where e = det
(
e Aµ
)
=
√−g and Lm is the mat-
ter Lagrangian. This becomes the action equiva-
lent to GR (i.e. TEGR) which is general covari-
ant. In the same way as the Ricci scalar in GR
3is generalised to some general function f(R), the
TEGR action is generalised to a general torsion
function f(T )
S =
1
16piG
∫
d4xe [T + f(T )]+
∫
d4xeLm. (8)
By varying the action with respect to the vierbein
field, the following field equations are obtained
[15]
(1 + fT )
[
e−1∂ν (eS µνa )− T bνaS νµb + ωbaνS νµb
]
+fTTS
µν
a ∂νT +e
ρ
a
(
f + T
4
)
= 4piGeαa
em
T ρα . (9)
where
em
T ρα is the stress-energy tensor, which
in terms of the matter Lagrangian is given by
em
T ρβ =
1
e
e aβ
δ (eLm)
δeaρ
with δ representing the vier-
bein perturbation.
These field equations are general covariant and
hence frame independent, removing the local
Lorentz invariance issue originally present in the
theory. In the proper tetrad formalism, the spin
connection becomes zero and reduces to the field
equations found in Refs. [20, 24], where the pure
tetrad formalism is used to derive the equations
(where the spin connection is assumed to be zero
a priori). The proper tetrad formalism is still
general covariant since it does not assume the
spin connection to be zero a priori, and is just a
special case of the covariant formulation of f(T )
gravity. As such, in the work which follows, the
proper tetrad formalism is used and the spin con-
nection is allowed to vanish.
B. Flat, isotropic and homogeneous universe
in f(T ) gravity
As described in Sec. I, observational data
suggests that the universe is generally flat,
isotropic and homogeneous. Hence, we are
only interested in one particular metric, that
being the spatially flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric
ds2 = dt2 − a2(t) (dx2 + dy2 + dz2) , (10)
where a(t) is the scale factor in terms of cosmic
time. For such a metric, a diagonal vierbein field
of the form
e aµ = diag (1, a(t), a(t), a(t)) , (11)
is considered, which is a pure tetrad. In this case,
T = −6H2. Using the field equations in Eq. (9),
this gives rise to the two GR modified equations
f − T − 2TfT = 2κ2ρ, (12)
H˙ = − κ
2 (ρ+ p)
2 (1 + fT + 2TfTT )
, (13)
where the tt-equation was used to simplify the
spatial equation. Note that the spatial equation
holds only if 1+fT +2TfTT 6= 0. In other words,
this is valid provided f(T ) 6= −T + c1
√−T + c2,
where c1 and c2 are integration constants. The
square root term does not play a role in the equa-
tions and hence is neglected [this term gives the
same expansion history as Dvali, Gabadadze and
Porrati (DGP) gravity (see their paper Ref. [25]
for more details) and thus only plays a role in
higher dimensional theories [26]). The remain-
ing terms reduces the action to c2, which plays
the role of a cosmological constant. This leads
to a non-physical evolution and hence this case
is neglected.
The modified Friedmann equations can be used
to derive the continuity equation
ρ˙+ 3H (ρ+ p) = 0, (14)
which is essentially the same as GR. By defining
an equation of state (EoS) parameter w for the
matter component through the relation
p = wρ, (15)
the continuity equation can be solved to give
ρ = ρ0a(t)
−3(1+w)
, (16)
provided that w is constant in time.
By examining the modified Friedmann equa-
tions, one notes that the extra components aris-
ing from f(T ) gravity can be used to define an
exotic fluid having energy density ρexo and pres-
sure pexo
κ2ρexo ≡ TfT − f
2
, (17)
κ2pexo ≡ −κ2ρexo + 2H˙ (fT + 2TfTT ) . (18)
4which in turn can be used to define an effective
equation of state parameter wexo to be
wexo ≡ pexo
ρexo
= −1− 4H˙ fT + 2TfTT
f − 2TfT . (19)
This can expressed in terms of f(T ) only
by using the field equations Eqs. (12)
and (13), and then in terms of the EoS
parameter for matter Eq. (15) to give
wexo = −1+(1+w) (f − T − 2TfT ) (fT + 2TfTT )
(1 + fT + 2TfTT ) (f − 2TfT ) .
(20)
In this way, the Friedmann equations can be
reduced into a more familiar form,
−T = 2κ2 (ρ+ ρexo) , (21)
2H˙ = −κ2 (ρ+ p+ ρexo + pexo) . (22)
Using this reformulation of the field equations, a
continuity equation for the exotic fluid similar to
the matter content can also be derived, giving
ρ˙exo + 3H (ρexo + pexo) = 0. (23)
Another key component in describing the evo-
lution of the universe is the deceleration param-
eter which is defined to by
q(t) ≡ − a¨a
a˙2
= − H˙
H2
− 1, (24)
which for f(T ) gravity is expressed as
q(t) = −1 + 3(1 + w) (T + 2TfT − f)
2T (1 + fT + 2TfTT )
. (25)
Evidence shows that the universe is expanding,
it implies that q (t0) < 0. This criterion is impor-
tant when analysing the models in Secs. V and
VI.
III. PERTURBATIONS OF THE FLAT
FLRW METRIC IN f(T ) GRAVITY
In this section, we shall consider perturbations
of the homogeneous and isotropic FLRW metric
and study their evolution, which ultimately de-
termines whether the cosmological solutions in
f(T ) gravity are stable. The perturbations con-
sidered are of first order, and are described by
H(t)→ H(t) (1 + δ) , ρ(t)→ ρ(t) (1 + δm) ,
(26)
where δ and δm represent isotropic deviation of
the Hubble parameter and the matter overden-
sity respectively. Here, H(t) and ρ(t) represent
the zero order quantities, and hence satisfy Eqs.
(12), (13) and (14) (in some references, these are
sometimes denoted as H0(t) and ρ0(t), however
such notation is avoided here to easily distinguish
from quantities which are evaluated at present
times).
The perturbation of the function f and its
derivatives are
δf = fT δT, δfT = fTT δT, (27)
where δx represents the first-order perturbation
of the variable x. Here, δT = 2Tδ. In this way,
the perturbed equations of Eqs. (12) and (14)
become
−T (1 + fT − 12H2fTT ) δ = κ2ρδm, (28)
δ˙m + 3H(1 + w)δ = 0. (29)
The relationship between δ and δm can be ex-
pressed in terms of T by using Eq. (12) in Eq.
(28) to give
δ =
1
2T
T + 2TfT − f
1 + fT + 2TfTT
δm. (30)
In this way, an expression for δm can be found
by substituting the previous relationship in Eq.
(29)
δ˙m +
3H
2T
(1 + w)
T + 2TfT − f
1 + fT + 2TfTT
δm = 0, (31)
which is a separable first-order ODE in δm, whose
solution is given by
δm = exp
[
−3
2
(1 + w)
∫
H
T
T + 2TfT − f
1 + fT + 2TfTT
dt
]
.
(32)
The integral can be solved analytically as fol-
lows. Using the continuity equation (14) for
a perfect fluid and using the zeroth order tt-
component of the Friedmann equations Eq. (12)
with Eq. (13) gives
H˙ =
1
4
(1 + w)
T + 2TfT − f
1 + fT + 2TfTT
. (33)
Substituting in Eq. (32) yields
δm = exp
[∫
H˙
H
dt
]
= exp
[∫
dH
H
]
= kH,
(34)
where k is a constant of integration, which can
be determined by evaluating δm at current times.
This in turn gives k = δm (t0) /H0. Therefore,
using Eq. (30), δ is found to be
δ = − δm (t0)
3(1 + w)H0
H˙
H
. (35)
5Depending on the current value of δm, the evolu-
tions of both δ and δm change. One further notes
that w = −1 poses a singularity for δ. Further-
more, the solution of δ can be expressed in terms
of its current value as
δ = δ (t0)
u(t)
u(t0)
, (36)
where u(t) ≡ H˙
H
, δ (t0) ≡ − δm (t0)
3(1 + w)H0
H˙
H
∣∣∣∣
t=t0
.
Stability is achieved as long as both δm and δ
decay with cosmic time. As an order approxima-
tion, this seems to be the case for both δ and δm
since δ ∼ δm ∼ t−1 i.e. decays with time. There-
fore we investigate various f(T ) functions to de-
termine their stability and whether such claim
holds.
IV. POWER-LAW AND DE-SITTER
STABILITY
A. Power-law stability
Consider a power-law type evolution for the
scale factor, i.e. a(t) ∝ tm where m is a con-
stant. The Hubble parameter in this case be-
comes H(t) =
m
t
and therefore T = −6m
2
t2
.
Hence, the perturbation variables δ and δm take
the form
δ = δ (t0)
t0
t
, δm = δm (t0)
t0
t
. (37)
Given the inverse relationship with t, both per-
turbations die out for late times. However, since
a specific form of a(t) is considered, only specific
functions of f(T ) are allowed. Such classes of
functions can be found using the tt-component
of the Friedmann equations Eq. (12). From the
definition of T , one finds
t
t0
=
(
T
T0
)−1/2
. (38)
On the other hand, a(t) can be expressed as
a(t) =
(
t
t0
)m
. (39)
Substituting these two equations and Eq. (16)
into Eq. (12) yields
1 + 2fT − f
T
= Ωw,0
(
T
T0
) 3m(1+w)
2 −1
, (40)
where Ωw,0 is the current value of the density
parameter of the fluid having EoS parameter w.
This is a first order differential equation in f(T )
which has two solutions depending on the nature
of the power.
I. −1 + 3m(w + 1) 6= 0
For the case when −1 + 3m(w + 1) 6= 0, the
solution is given by
f(T ) = −T + c1
√−T +
Ωw,0T0
(
T
T0
) 3
2m(w+1)
−1 + 3m(w + 1)
(41)
where c1 is an integration constant. The exotic
fluid’s energy density is then given by
2κ2ρexo = −T + Ωw,0
(
T
T0
)3m(1+w)/2
T0. (42)
One notes that the effect of the square root term
does not contribute neither to the Friedmann
equations nor to the energy density. For this
reason, this term is neglected by setting the in-
tegration constant to zero. The Lagrangian thus
reduces to
Lgrav =
Ωw,0T0
(
T
T0
) 3
2m(w+1)
−1 + 3m(w + 1) . (43)
In the case of GR, standard power-law solutions
are obtained when the power of T equals 1, i.e.
3
2m(w+1) = 1. For example, in matter only uni-
verses, w = 0 and m = 2/3 whilst in radiation
only universes, w = 1/3 and m = 1/2. However,
we are interested in the non-trivial solutions. For
the solution to have physical meaning, we first re-
quire the energy density Eq. (42) to be positive.
This leads to the following constraint,
Ωw,0 ≤
(
T
T0
)1− 3m(1+w)2
=
(
t
t0
)−2+3m(1+w)
(44)
where Eq. (38) was used. Since Ωw,0 is a con-
stant in cosmic time, the inequality only holds
for two different scenarios:
Case 1 if −2+3m(1+w) = 0, then Ωw,0 ≤ 1.
This is the rescaling of GR case (the Lagrangian
is Lgrav = Ωw,0T ).
Case 2 if −2 + 3m(1 + w) 6= 0, Ωw,0 = 0,
which is non-physical.
Therefore, non-trivial power-law solutions (ex-
cept for GR rescaling) are not possible when
−1 + 3m(w + 1) 6= 0.
6II. −1 + 3m(w + 1) = 0
In this case, the solution for f(T ) is given by,
f(T ) = −T + c1
√−T + 1
2
Ωw,0T0
√
T
T0
ln
(
T
T0
)
,
(45)
where c1 is an integration constant. The exotic
fluid’s energy density is
2κ2ρexo = −T + Ωw,0
√
T
T0
T0. (46)
Once again the effect of the square root term in
both the field equation and energy density does
not contribute, and therefore is neglected. This
reduces the Lagrangian to
Lgrav = 1
2
Ωw,0T0
√
T
T0
ln
(
T
T0
)
. (47)
In this scenario, the action cannot reduce to GR
so it is in a sense non-trivial. However, the solu-
tion can only be physical provided that the en-
ergy density is positive. This leads to the condi-
tion,
Ωw,0 ≤
(
T
T0
)1/2
=
t0
t
, (48)
where again Eq. (38) was used. Since Ωw,0 is a
constant in cosmic time, the inequality only holds
if Ωw,0 = 0, which is non-physical.
Therefore, power-law solutions can only be
achieved under GR (or rescaling) and such so-
lutions are stable, as expected.
B. de-Sitter stability
A de-Sitter universe is achieved when the Hub-
ble parameter becomes constant, i.e. H(t) = H0,
which leads to T = −6H02 = T0. This induces
an expansion history for a(t) of the form
a(t) = eH0(t−t0). (49)
The perturbation variables δ and δm reduce to
δ = 0, δm(t) = δm (t0) . (50)
This shows that the solution is stable, be-
ing perfectly homogeneous but having a con-
stant isotropic perturbation (which occurs also
in ΛCDM models during late times). However,
as in the previous section, since a specific form
of a(t) is considered, only specific functions of
f(T ) are allowed. The set of permissible func-
tions can be found using the tt-component of the
Friedmann equations Eq. (12), which yields
(
1 + 2fT − f
T
) ∣∣∣∣
T=T0
= Ωw,0e
−3(1+w)H0(t−t0),
(51)
where Eq. (16) was used. However, the Fried-
mann equation poses a possible contradiction,
the left hand side (LHS) is a constant in time
whilst the right hand side (RHS) is time depen-
dent. The only possible scenario at which this sit-
uation is avoided is if w = −1 (in other words, a
cosmological constant type fluid must exist which
is similar to GR where de-Sitter evolution is ob-
tained when only the cosmological constant is
present). In this special case, the Friedmann
equation becomes
(
1 + 2fT − f
T
) ∣∣∣∣
T=T0
= Ωw,0. (52)
This can be treated as a first order ODE in T0,
whose solution is given by
f (T = T0) = (Ωw,0 − 1)T0 + c1
√
−T0 (53)
where c1 is an integration constant. Similar to
the power-law case, the square root term does not
play a role neither in the Friedmann equations
nor in the exotic fluid energy density, and hence is
not included in the Lagrangian being considered.
Therefore, the Lagrangian becomes
Lgrav = Ωw,0T0. (54)
Such a Lagrangian is a rescaling of the standard
TEGR Lagrangian, as obtained in the power-law
case. This should not deviate much from TEGR,
i.e Ωw,0 ≈ 1. Nonetheless, this is essentially GR
(the only difference lies in the definition of the
Newtonian gravitational constant) and not a true
new non-trivial solution for de-Sitter cosmology.
Note that in this case,the exotic fluid energy
density is given by
2κ2ρexo = −T0
[
1− Ωw,0e−3(1+w)H0(t−t0)
]
,
(55)
which for w = −1 simply reduces to 2κ2ρexo =
−T0 [1− Ωw,0]. This is physical only when the
energy density is positive, in other words when
1− Ωw,0 ≥ 0 =⇒ Ωw,0 ≤ 1.
7V. STABILITY FOR DIFFERENT f(T )
ANSATZ
A. f(T ) = α(−T )n stability
In this section, we consider the power-law
ansatz model, originally proposed by Bengochea
and Ferraro [27], which is of the form f(T ) =
α(−T )n, where α and n are constants. Further-
more, for simplicity, we assume that the mat-
ter density is solely composed of matter (hence
w = 0). Thus, Eq. (12) becomes
α(2n− 1)(−T )
n
T0
+
T
T0
=
ΩM,0
a(t)3
, (56)
The value of α can be found by evaluating the
expression at current times, to give
α =
(ΩM,0 − 1)
(
6H0
2
)1−n
1− 2n , (57)
where ΩM,0 is the matter density today. Note
that this do not hold for n = 1/2, as such power
does not contribute to the Friedmann equation
(see Eq. (56)). Using this value of α, the equa-
tion reduces further into
T
T0
+ (ΩM,0 − 1)
(
T
T0
)n
=
ΩM,0
a(t)3
. (58)
In this case, the energy density for the exotic fluid
is expressed as,
2κ2ρexo = (ΩM,0 − 1)T0
(
T
T0
)n
. (59)
Note that this directly implies that ρexo ≥ 0 for
every n and hence this function can lead to phys-
ical solutions. The exotic fluid’s density is thus
found to be
ΩT (t) ≡ ρexo
ρcr
= (1− ΩM,0)
(
T
T0
)n
. (60)
Using Eq. (20), the equation of state parame-
ter, wexo, becomes
wexo =
(n− 1)
1 + n(ΩM,0 − 1)
(
T
T0
)n−1 . (61)
For n = 0, this reduces to the standard ΛCDM
model (with wexo = −1 as expected). For n ≤
0, the EoS parameter is negative at all times.
This is also achieved for 0 < n < 1 (except for
n = 1/2), which can be seen by using the tt-
Friedmann equation Eq. (12) to express wexo as
wexo = −
[
1 +
n
1− n
ΩM,0
a(t)3
T0
T
]−1
. (62)
At current times, the EoS parameter is given by
wexo(t0) = −
[
1 +
n
1− nΩM,0
]−1
. (63)
According to recent PLANCK data, constant
EoS dark energy parameter models (i.e. ΛCDM
and wCDM) and linear evolution EoS dark en-
ergy parameter models [e.g. Chevallier-Polarski-
Linder (CPL) [28, 29]] indicate a current value of
approximately−1 [30–34]. However, such models
are not directly comparable with the model con-
sidered here since the evolution is fundamentally
different. Nonetheless, since the models seem to
indicate that at current times that the exotic
fluid’s EoS parameter is approximately −1, we
shall focus on models which exhibit a similar fea-
ture.
The true constraint on the power n however
is attributed to the fact that the universe is ob-
served to be accelerating today. This is achieved
by the decelerating parameter, which for power-
law models is given by
q(t) =
1− (2n− 3)(ΩM,0 − 1)
(
T
T0
)n−1
2 + 2n(ΩM,0 − 1)
(
T
T0
)n−1 . (64)
Since acceleration is observed at current times,
one requires that q (t0) < 0. In this model, the
deceleration parameter at current times is given
by
q (t0) =
1− (2n− 3)(ΩM,0 − 1)
2 + 2n(ΩM,0 − 1) . (65)
By assuming that ΩM,0 ≈ 0.3 leads to n < 0.75 or
n > 2.18. Since we also require the exotic fluid’s
EoS parameter to be close to −1, this allows us
to consider two power-law possibilities, being n =
−1 (wexo ≈ −1.18) and n = −2 (wexo = −1.25).
In the following figures, we analyse some of the
features for power-law cosmologies with n = 0
(i.e. ΛCDM), n = −1 and n = −2. The plots
were carried out using ΩM,0 = 0.3 and H0 =
(14.4 Gyr)
−1
. The solid curve represents ΛCDM,
whilst the dotted and dashed curves represent
n = −1 and n = −2 respectively.
We start by first analysing the evolution of the
scale factor with cosmic time, shown in Fig. 1.
One notes that the n = −1 and n = −2 only
differ from ΛCDM at late times, while the two
do not differ by much from each other.
Fig. 2 shows the variation of ΩT with cos-
mic time. The models vary greatly initially from
ΛCDM simply because the ΛCDM model has a
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FIG. 1: The evolution of the scale factor a(t) with
cosmic time for the model f(T ) = α (−T )n for n =
0,−1 and −2. For early and current times, the scale
factor for each model is essentially identical. On the
other hand, during late times, the n = −1 (dotted)
and n = −2 (dashed) models start to deviate from
the ΛCDM (solid) model.
constant dark energy density and hence stays
constant in time, whilst in this case the exotic
fluid’s energy density changes with time. How-
ever, it retains a common feature with ΛCDM in
which at late times, the density parameter be-
comes constant [ΩT (t = t∞) ≈ 0.85 for n = −1
and ΩT (t = t∞) ≈ 0.90 for n = −2].
0 10 20 30 40 50
0.0
0.2
0.4
0.6
0.8
1.0
t /Gyr
Ω T(t)
FIG. 2: The evolution of the torsional density param-
eter ΩT (t) with cosmic time for the model f(T ) =
α (−T )n for n = 0,−1 and −2. In contrast to
ΛCDM (solid) which sits at a constant value of 0.7,
the n = −1 (dotted) and n = −2 (dashed) mod-
els initially start from a value of 0, increases un-
til it reaches 0.7 at current times and keeps on in-
creases until it reaches a limiting constant value at
late times [ΩT (t = t∞) ≈ 0.85 for n = −1 and
ΩT (t = t∞) ≈ 0.90 for n = −2].
Through the variation of ΩT , one can also anal-
yse the behaviour of the total energy density pa-
rameter ΩTotal ≡ ΩM + ΩT . This is described
in Fig. 3, in which one finds that the power-law
models considered exhibit the same behaviour as
ΛCDM, with the only major difference occurring
during late times. Each model has a limiting
value during late times, which occurs since the
effect becomes irrelevant
[
ΩM ∝ a(t)−3
]
and ΩT
limits to a constant value (in the case of ΛCDM,
this is equal to 0.7). For the power-law models
considered, the limiting values are 0.85 and 0.90
for n = −1 and n = −2 respectively.
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FIG. 3: The evolution of the total density parame-
ter ΩTotal(t) with cosmic time for the model f(T ) =
α (−T )n for n = 0,−1 and −2. One notes that all
models exhibit a similar evolution behaviour in which
it starts at very high values due to the matter density
being dominant and the torsional component being
irrelevant, reaches 1 at today’s time and decreases to
a constant value at late times given by the torsional
density (since the matter density becomes irrelevant).
The only difference between the theories lies in the
late time values (for ΛCDM (solid) it is equal to 0.7
whilst for n = −1 (dotted) and n = −2 (dashed) are
0.85 and 0.90 respectively).
The variation of the EoS parameter wexo is
shown in Fig. 4. Again, since the exotic fluid’s
energy density is not constant this leads to a
variation of the EoS parameter. One notes that
the parameter varies from n− 1 initially and ap-
proaches −1 at late times, i.e. effectively be-
coming a cosmological constant in nature at late
times. Furthermore, the plot infers that for such
models, the exotic fluid is phantom in nature.
In Fig. 5, one sees the variation of the deceler-
ation parameter with time. One notes that each
model follows a ΛCDM-like plot, with the transi-
tion to an accelerated expansion starting around
the same period. Since each model reaches
wexo → −1 at late times, the deceleration pa-
rameter q approaches −1 as well. The transition
between non-accelerating and accelerating occurs
at approximately the same time (t ≈ 8 Gyr).
Figs. 6 and 7 describe the evolution of the per-
turbations. For the perturbations of the Hub-
ble parameter (Fig. 6), the solutions indicate
stability, and decay in the same way as ΛCDM
models, and completely decay at late times. In
90 10 20 30 40 50
-3.0
-2.5
-2.0
-1.5
-1.0
t/Gyr
w
D
E
(t)
FIG. 4: The evolution of the exotic fluid’s EoS
parameter wexo(t) with cosmic time for the model
f(T ) = α (−T )n for n = 0,−1 and −2. In ΛCDM
(solid), the EoS parameter is constant and equals to
−1 (since this describes a cosmological constant). On
the other hand, the n = −1 (dotted) and n = −2
(dashed) models describe a varying EoS parameter,
starting at n− 1 at t = 0 and reaches −1 during late
times. In other words, such models mimic the cos-
mological constant behaviour at late times. For all
cases, the nature of the exotic fluid is phantom.
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FIG. 5: The evolution of the deceleration parameter
q(t) with cosmic time for the model f(T ) = α (−T )n
for n = 0,−1 and −2. All models mimic the be-
haviour of the ΛCDM (solid) model, and each of
them transition to an accelerating universe at ap-
proximately the same time (t ≈ 8 Gyr). Each model
starts with q(0) = 0.4 and ends with q (t = t∞) = −1
as values. What can be noticed however is that
the rate of q(t) happens much more drastically for
n = −1 (dotted) and n = −2 (dashed) compared to
ΛCDM.
the case for matter perturbations, the models
again exhibit a similar behaviour as ΛCDM in
that they are stable and decaying with time un-
til they reach a limiting value at late times. This
means that the matter perturbations persist at
late times in the same way as ΛCDM does with
the only difference being the limiting values [for
ΛCDM, δ(t)/δ (t0) ≈ 0.850 whilst for n = −1
and n = −2, δ(t)/δ (t0) ≈ 0.925].
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FIG. 6: The evolution of the ratio of the Hubble
perturbation parameter δ(t) to its current value δ (t0)
with cosmic time for the model f(T ) = α (−T )n for
n = 0,−1 and −2. Each model exhibits the same
behaviour as ΛCDM, in which each model decays to
0 at late times indicating stability. The difference
only occurs during earlier times where the value of
δ(t) varies from model to model.
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FIG. 7: The evolution of the ratio of the matter per-
turbation parameter δM(t) to its current value δM (t0)
with cosmic time for the model f(T ) = α (−T )n for
n = 0,−1 and −2. One again finds that each model
evolves in the same way as ΛCDM, in which each of
them approach the same value of 1 at current times
and decays to a constant value at late times. This
value is the only major difference between the mod-
els [for ΛCDM (solid), δ(t)/δ (t0) ≈ 0.850 whilst for
n = −1 (dotted) and n = −2 (dashed), δ(t)/δ (t0) ≈
0.925]. Furthermore, each model is stable and indi-
cate individually that the matter perturbations per-
sist at late times.
B. f(T ) = αT0
(
1− exp
[
−p
√
T
T0
])
stability
In this section, we consider Linder’s exponen-
tial gravity model for f(T ) which is of the form
f(T ) = αT0
(
1− exp
[
−p
√
T
T0
])
, where α and
p are constants with p 6= 0 (since p = 0 leads to
f(T ) = 0, i.e. TEGR) [26]. Similar to the previ-
ous section, for simplicity, we again assume that
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the matter density is solely composed of matter
(giving w = 0). Thus, Eq. (12) becomes
T
T0
− α
{
1−
(
1 + p
√
T
T0
)
exp
[
−p
√
T
T0
]}
=
ΩM,0
a(t)3
, (66)
The value of α can be found by evaluating the
expression at current times, to give
α = − (ΩM,0 − 1)
1− (1 + p) e−p , (67)
where ΩM,0 is the matter density today. Using
this value of α, the equation reduces further into
ΩM,0
a(t)3
=
T
T0
+
(ΩM,0 − 1)
1− (1 + p) e−p
{
1−
(
1 + p
√
T
T0
)
× exp
[
−p
√
T
T0
]}
, (68)
For this model, the exotic fluid’s energy density
is given by
2κ2ρexo =
(ΩM,0 − 1)T0
1− (1 + p) e−p
{
1−
(
1 + p
√
T
T0
)
× exp
[
−p
√
T
T0
]}
. (69)
One notes that the curly bracketed term and the
denominator are always positive for p 6= 0. Since
the product (ΩM,0 − 1)T0 is also positive, then
the energy density becomes always positive, and
hence can lead to physical solutions. Thus, the
exotic fluid’s density parameter is found to be
ΩT (t) ≡ ρexo
ρcr
=
(1− ΩM,0)
{
1−
(
1 + p
√
T
T0
)
exp
[
−p
√
T
T0
]}
1− (1 + p) e−p .
(70)
The EoS parameter wexo for this model be-
comes
wexo = −
2−
p2
T
T0
exp
[
−p
√
T
T0
]
1−
(
1 + p
√
T
T0
)
exp
[
−p
√
T
T0
]
2 +
(ΩM,0 − 1)
1− (1 + p) e−p p
2 exp
[
−p
√
T
T0
] .
(71)
Using the field equations, the expression can be
re-written as
wexo = −
1 + ΩM,0a
−3p2 exp
[
−p
√
T
T0
]
2
{
1−
(
1 + p
√
T
T0
)
exp
[
−p
√
T
T0
]}
− p2 T
T0
exp
[
−p
√
T
T0
]

−1
. (72)
For p > 0, the EoS parameter is always
negative; however, nothing can be inferred
for p < 0 since a numerical solution must
be carried out to determine the nature
of the EoS parameter. At current times,
the value of the EoS parameter is given by
wexo (t0) = −
{
1 +
ΩM,0p
2e−p
2 [1− (1 + p) e−p]− p2e−p
}−1
.
(73)
As discussed in the previous section, since
current data models do not use Lagrangian
functionals used here but seem to indicate
that wexo ≈ −1, we consider those models
which at current times have a EoS parameter
close to such value. We first however obtain a
true constraint from the fact that universe is
currently accelerating, i.e. from the deceleration
parameter. For this model, the deceleration
parameter is
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q = −1 + 3
1 +
(ΩM,0 − 1)
1− (1 + p)e−p
T0
T
{
1−
(
1 + p
√
T
T0
)
exp
[
−p
√
T
T0
]}
2 +
(ΩM,0 − 1)
1− (1 + p)e−p p
2 exp
[
−p
√
T
T0
] (74)
To set constraints on the parameter p, one re-
quires that at current times q (t0) < 0. Within
this model, the deceleration parameter turns out
to be given by
q (t0) = −1 + 3 ΩM,0
2 +
(ΩM,0 − 1)
1− (1 + p)e−p p
2e−p
. (75)
By again assuming that ΩM,0 ≈ 0.3 leads to p <
−1.18 or p > 0.68. Since p > 0 have a negative
EoS parameter for the exotic fluid, we opt for
such models and consider two in particular, being
p = 2 (wexo ≈ −0.80) and p = 5 (wexo ≈ −0.97).
In the following figures, we analyse some of the
features for power-law cosmologies with ΛCDM,
p = 2 and p = 5. The plots were carried out
using ΩM,0 = 0.3 and H0 = (14.4 Gyr)
−1
. The
solid curve represents ΛCDM, whilst the dotted
and dashed curves represent p = 2 and p = 5
respectively.
We again start by examining the evolution of
the scale factor a(t) for each model which is given
in Fig. 8. The models at early times are almost
identical but start to deviate at late times, with
the most notable deviation for the p = 2 model.
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FIG. 8: The evolution of the scale factor
a(t) with cosmic time for the model f(T ) =
αT0
(
1− exp
[
−p
√
T
T0
])
for p = 2 and 5 and the
ΛCDM model. At early and current times, the mod-
els exhibit similar behaviour until it reaches late
times where the p = 2 (dotted) model deviates from
the ΛCDM (solid) model. The p = 5 (dashed) model
closely mimics the ΛCDM model.
The variation of ΩT with cosmic time is shown
in Fig. 9. In contrast with the power-law model,
the exotic fluid’s density parameter initially is
non-zero here, similar to the cosmological con-
stant [for the p = 2 model, ΩT (0) ≈ 1.175 whilst
for the p = 5 model, ΩT (0) ≈ 0.725]. This value
decreases until it reaches the current observed
value of 0.7 and decreases until it reaches a con-
stant value at late times [for the p = 2 model,
ΩT (t = t∞) ≈ 0.475 whilst for the p = 5 model,
ΩT (t = t∞) ≈ 0.675].
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FIG. 9: The evolution of the torsion density param-
eter ΩT (t) with cosmic time for the model f(T ) =
αT0
(
1− exp
[
−p
√
T
T0
])
for p = 2 and 5 and the
ΛCDM model. For these types of models, the ex-
otic fluid’s density parameter starts from a non-zero
value [the p = 2 (dotted) model gives ΩT (0) ≈ 1.175
whilst for p = 5 (dashed) model gives ΩT (0) ≈ 0.725]
in a similar way as ΛCDM (solid) does (a constant
0.700), reaches the current time value of 0.700 and
then decrease until it reaches a constant value during
late times [ΩT (t = t∞) ≈ 0.475 for the p = 2 model
and ΩT (t = t∞) ≈ 0.675 for the p = 5 model]. The
p = 2 model is marginally different from the p = 5
and ΛCDM models, whilst the p = 5 model closely
mimics the ΛCDM behaviour.
Found the evolution of ΩT , we now look at the
evolution of the total density parameter ΩTotal ≡
ΩM + ΩT , which is shown in Fig. 10. The
two exponential models both mimic the ΛCDM
model to a degree; initially, they have a high
value since the matter density is much more dom-
inant than the exotic fluid’s density, then the
total density approaches a constant value be-
cause the exotic fluid’s density becomes constant
12
and the matter density becomes irrelevant (much
smaller than the exotic fluid’s density). What
differs from the models is the limiting values,
which are as follows: the p = 2 model gives
ΩTotal (t = t∞) ≈ 0.50 whilst for the p = 5 model,
ΩTotal (t = t∞) ≈ 0.65; the ΛCDM model gives
ΩTotal (t = t∞) ≈ 0.70.
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FIG. 10: The evolution of the total density pa-
rameter ΩTotal(t) with cosmic time for the model
f(T ) = αT0
(
1− exp
[
−p
√
T
T0
])
for p = 2 and 5
and the ΛCDM model. Each model mimics the be-
haviour of ΛCDM (solid); it starts at large values
due to the matter density being dominant over the
exotic fluid’s density, then it decreases and reaches
1 at present time and keeps on decreasing until
it reaches a constant value at future times (since
the matter density becomes irrelevant and the ex-
otic fluid’s density becomes constant). Such fu-
ture time value is noticeably different for the p =
2 (dotted) model compared with the p = 5 and
ΛCDM models [ΩTotal (t = t∞) ≈ 0.50]. On the other
hand, the p = 5 (dashed) model greatly mimics the
ΛCDM model [ΩTotal (t = t∞) ≈ 0.65 for p = 5 and
ΩTotal (t = t∞) ≈ 0.70 for ΛCDM].
Fig. 11 shows the variation of wexo with cos-
mic time. One notes that initially and during late
times, the models start and end with wexo = −1
which mimics the ΛCDM value. However be-
tween these times, the EoS parameter describes
the exotic fluid to behave as a non-phantom fluid
with a maximum peak just before current time
t0 ≈ 14 Gyr (for the p = 2 model, the maximum
occurs at t ≈ 11 Gyr having value wmaxexo ≈ −0.79
whilst for the p = 5 model, this is achieved at
t ≈ 13 Gyr having value wmaxexo ≈ −0.97).
The evolution of the deceleration parameter is
shown in Fig. 12. One notes that the models
have similar initial and late time behaviour, i.e.
q(0) = 0.5 and q (t = t∞) = −1.0 being the same
as ΛCDM. Furthermore, the overall behaviour is
also similar to ΛCDM, with the major difference
being that the various values of q(t) occur at dif-
ferent times. Moreover, the transition between
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FIG. 11: The evolution of the exotic fluid’s EoS
parameter wexo(t) with cosmic time for the model
f(T ) = αT0
(
1− exp
[
−p
√
T
T0
])
for p = 2 and 5
and the ΛCDM model. The p = 2 (dotted) and
p = 5 (dashed) models greatly differ from the be-
haviour of ΛCDM (solid) during current times, in
which the fluid behaves as a non-phantom fluid. Both
models however begin and end with an EoS parame-
ter value of −1 indicating that at such instances, the
fluid behaves as a cosmological constant as ΛCDM.
non-accelerating and accelerating happens at ap-
proximately the same time (t ≈ 8 Gyr).
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FIG. 12: The evolution of the deceleration param-
eter q(t) with cosmic time for the model f(T ) =
αT0
(
1− exp
[
−p
√
T
T0
])
for p = 2 and 5 and the
ΛCDM model. All models exhibit the same starting
value of 0.5 and late times limiting value of −1.0.
Each model transitions to an accelerating universe
at approximately the same time (t ≈ 8 Gyr). The
p = 5 (dashed) model greatly mimics the ΛCDM
(solid) evolution whilst the p = 2 (dotted) model, al-
though having a similar behaviour, differs from the
latter.
Lastly, the evolution of the perturbations of the
Hubble and density are shown in Figs. 13 and
14 respectively. Starting with the Hubble per-
turbations, such perturbations decay with time
and completely vanish at late times similar to
ΛCDM. On the other hand, the matter pertur-
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bations initially decay with time until reaching a
limiting value at late times which is again similar
to ΛCDM [for ΛCDM, δ(t)/δ (t0) ≈ 0.85 whilst
for p = 2, δ(t)/δ (t0) ≈ 0.70 and for p = 5,
δ(t)/δ (t0) ≈ 0.80].
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FIG. 13: The evolution of the ratio of the Hub-
ble perturbation parameter δ(t) to its current value
δ (t0) with cosmic time for the model f(T ) =
αT0
(
1− exp
[
−p
√
T
T0
])
for p = 2 and 5 and the
ΛCDM model. In this case, the models exhibit the
same behaviour as ΛCDM (solid), starting from large
values, decreasing and approaching approximately 1
at around present time and then decay to zero at
late times, meaning these perturbations are stable
and do not persist. The p = 5 (dashed) model is
very close to the ΛCDM model behaviour whilst the
p = 2 (dotted) model differs from the other two mod-
els at earlier times.
VI. CONCLUSION
In this paper, we investigated the stability of
f(T ) gravity. The perturbed field equations have
been derived and solved analytically to give Eqs.
(34) and (36). Both solutions are dependent on
the Hubble parameter, which ultimately deter-
mines whether such solutions are stable. This
was analysed under power-law and de-Sitter evo-
lutions, as well as under two separate f(T ) mod-
els.
For power-law and de-Sitter evolutions, the
perturbations are stable. For the Hubble pertur-
bation, it is either decaying to zero at late times
(power-law) or being identically zero (de-Sitter).
On the other hand, the matter perturbation ei-
ther decays to zero at late times (power-law) or is
constant (de-Sitter) meaning that such perturba-
tions persist. Although such solutions are stable,
a problem arises due to tt-Friedmann equation
Eq. (12) since this restricts the possible functions
of f(T ) where power-law and de-Sitter evolution
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FIG. 14: The evolution of the ratio of the matter
perturbation parameter δM(t) to its current value
δM (t0) with cosmic time for the model f(T ) =
αT0
(
1− exp
[
−p
√
T
T0
])
for p = 2 and 5 and the
ΛCDM model. Both models mimic the ΛCDM
(solid) behaviour; each start at a large value at early
times, decay to approximately 1 at around today’s
time and then keeps on decreasing until reaching a
constant value, meaning that the perturbation is sta-
ble but persists. The difference lies in the values,
but with the major difference occurring for p = 2
(dotted) [for ΛCDM, δ(t)/δ (t0) ≈ 0.85 whilst for
p = 2, δ(t)/δ (t0) ≈ 0.70 and for p = 5 (dashed),
δ(t)/δ (t0) ≈ 0.80].
can be considered. In fact, we have shown that
the only functions which allow these types of evo-
lutions are TEGR and rescaled TEGR. Nonethe-
less, since the universe is composed of a mix of
fluids and hence the history of the universe is not
described by either a power-law or exponential at
all times (these serve as a good approximation at
certain eras), we instead have set our focus on
non-trivial f(T ) functions which mimic ΛCDM,
which is a much more accurate description of the
history of the universe.
The first model considered in this paper is the
power-law model. By examining the exotic fluid’s
EoS parameter and deceleration parameter at
current times, it was concluded that two possible
non-trivial models can be obtained, n = −1 and
n = −2. Such models were found to be stable,
and mimic the behaviour of ΛCDM. The Hubble
perturbation decays with cosmic time and ap-
proaches zero at late times in the same as ΛCDM
does. On the other hand, the matter perturba-
tion also decays with time but tends to a limiting
value at late times, again as ΛCDM does, mean-
ing that such perturbations persist at late times.
However, both n = −1 and n = −2 models differ
significantly from the limiting ΛCDM value [for
ΛCDM, δ(t)/δ (t0) ≈ 0.850 whilst for n = −1
and n = −2, δ(t)/δ (t0) ≈ 0.925].
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The exponential model is the second model
considered in this paper. In this case, two pos-
sible models which agree with data are consid-
ered, p = 2 and p = 5. The models are found
to be stable and exhibit the same behaviour as
ΛCDM. For the Hubble perturbation, each model
decays to zero at late times whilst matter pertur-
bations decay to a constant value at late times,
and hence such perturbations persist. The p = 2
model deviates the most compared to ΛCDM for
each parameter considered whilst the p = 5 was
the closest to mimic the latters behaviour.
All in all, the p = 5 exponential model provided
the closest behaviour to ΛCDM when all mod-
els are considered comparatively. Nonetheless,
other f(T ) functions which may provide a better
explanation and agree to the observables of the
universe which are not considered in this paper
exist. As long as such functions are able to give
stable solutions, it helps constrain the theory’s
parameters. At the same time, it helps in re-
stricting the number of possible functions which
f(T ) theory permits, ultimately contributing in
defining a proper Lagrangian for describing grav-
ity.
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